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The empirical coupled-channel (ECC) model and the universal fusion function (UFF) prescription
are used to analyse the data of capture cross sections for reactions 39K+181Ta and 46K+181Ta
reported recently by A. Wakhle et al. [Phys. Rev. C 97, 021602(R) (2018)]. The results of the ECC
model are in good agreement with the data of 39K+181Ta while, for 46K+181Ta, the predictions of
the ECC model overestimate the above-barrier capture cross sections. Comparing the reduced data
of these two reactions, it is found that the above-barrier cross sections of 39K+181Ta are consistent
with the UFF and are larger than those of 46K+181Ta. This implies that the capture cross sections
of 46K+181Ta are suppressed at energies above the Coulomb barrier. Furthermore, at sub-barrier
energies, the reduced calculated capture cross sections of 39K+181Ta are a little larger than those
of 46K+181Ta, which is owing to the coupling to the positive Q-value two-neutron transfer channel.
I. INTRODUCTION
The synthesis of superheavy nuclei (SHN) is at the
frontier of research in nuclear physics [1]. Up to now,
superheavy elements with charge number Z 6 118 have
been produced via fusion reactions [2–5]. However, it is
still an open question as to where the center of the island
of stability is located because the SHN produced so far
are neutron deficient and still far from the center of the
predicted island of stability. To synthesize neutron-rich
SHN, one possible way is to use neutron-rich radioac-
tive beams, although the intensities of these beams are
smaller than those of stable beams. In recent years, the
synthesis of new heavy nuclei and SHN with radioactive
beams has been studied a lot [6–12].
Recently, A. Wakhle et al. have measured the cap-
ture cross sections of the reactions 39K+181Ta and
46K+181Ta [13], and the data of these two reactions were
compared with the predictions of the time-dependent
Hartree-Fock (TDHF) calculations and some models in-
cluding the coupled-channel approach of Zagrebaev [14],
the empirical model of Wang and Scheid [15], and the
quantum diffusion approach [16–18]. It was found that
the calculations of the quantum diffusion approach can do
the best overall job of representing the capture excitation
functions for the reactions 39K+181Ta and 46K+181Ta,
although the calculations of the quantum diffusion ap-
proach underestimate the sub-barrier capture cross sec-
tions of 39K+181Ta and overestimate the above-barrier
capture cross sections of 46K+181Ta.
We have developed an empirical coupled-channel
∗ sgzhou@itp.ac.cn
(ECC) model and performed a systematic study of cap-
ture excitation functions of 217 reaction systems [19].
In this ECC model, the effects of couplings to inelas-
tic excitations and neutron transfer channels are taken
effectively into account by introducing an empirical bar-
rier weight function [19–21]. The Q-value of two-neutron
transfer channel for the reaction with stable beam 39K is
positive while that for the reaction with neutron-rich ra-
dioactive beam 46K is negative. In the present work, we
are interested in whether this ECC model can reproduce
the data of the reactions 39K+181Ta and 46K+181Ta. In
addition, to investigate the effect of the neutron-rich ra-
dioactive 46K relative to the stable 39K projectile, the
data of these two reactions will be reduced and compared
with each other through the reduction procedure of the
universal fusion function (UFF) prescription.
The paper is organized as follows. In Sec. II, we briefly
introduce the ECC model. In Sec. III, the ECC model
and the UFF prescription are applied to analyze the cap-
ture excitation functions of 39K+181Ta and 46K+181Ta.
Finally, a summary is given in Sec. IV.
II. METHOD
The evaporation residue (EvR) cross section for pro-
ducing heavy nuclei via fusion reactions can be written
as [22–25]
σEvR(Ec.m.) =
∑
J
σcapture(Ec.m., J)PCN(Ec.m., J)
×Wsur(Ec.m., J), (1)
where σcapture is the capture cross section for the tran-
sition of the colliding nuclei over the entrance channel
2Coulomb barrier, PCN is the probability of the forma-
tion of a compound nucleus (CN) after the capture, and
Wsur is the survival probability of the excited CN. It is
very important to examine carefully these three steps in
the study of the synthesis mechanism of heavy nuclei [19].
Especially, when heavy nuclei are produced with radioac-
tive ion beams, one should first examine whether the
capture cross section can be described well by various
models.
Theoretically, the capture process is treated as a bar-
rier penetration problem. The capture cross section at a
given center-of-mass energy Ec.m. can be written as the
sum of the cross section for each partial wave J ,
σcapture(Ec.m.) = piλ
2
Jmax∑
J=0
(2J + 1)T (Ec.m., J). (2)
Here λ2 = ~2/(2µEc.m.) is the reduced de Broglie wave-
length, µ is the reduced mass of the reaction system.
Jmax is the critical angular momentum. T denotes the
penetration probability of the Coulomb barrier.
Comparing with predictions of single barrier penetra-
tion model (SBPM), sub-barrier capture cross sections
are enhanced [26]. The enhancement is caused by the
strong coupling between the relative motion and intrin-
sic degrees of freedom and the coupling to nucleon trans-
fer channels [27–29]. The capture cross sections can be
calculated by either the quantum coupled-channel mod-
els [30, 31] or the empirical coupled-channel (ECC) mod-
els. In ECC models, the coupled-channel effects are
treated effectively by introducing an empirical barrier
weight function [15, 19–21, 32–37]. Besides coupled-
channel approaches, the capture can also be described
by microscopic dynamics models, such as the TDHF the-
ory [38–44] and the quantum molecular dynamics (QMD)
model [45–54]. As mentioned above, the quantum diffu-
sion approach was developed to study the capture process
as well [16–18].
Within the ECC model, the coupled-channel effects are
taken into account by introducing an empirical barrier
weight function f(B). When the interaction potential
around the Coulomb barrier is approximated by an “in-
verted” parabola, T can be calculated by the well-known
Hill-Wheeler formula [55]. Then the penetration proba-
bility T in Eq. (2) is given as [19–21]
T (Ec.m., J) =
∫
f(B)THW(Ec.m., J, B)dB, (3)
where B is the barrier height. Note that there is not a
proof or mathematical derivation of Eq. (3) based on the
coupled Schro¨dinger equations. Furthermore, for light
systems at sub-barrier energies and heavy systems at
deep sub-barrier energies, the parabolic approximation
is not appropriate due to the omitting of the long tail
of the Coulomb potential. Therefore, in these cases, the
Hill-Wheeler formula does not describe properly the be-
havior of capture cross sections. In the present work, we
are dealing with energies around and above the barrier,
an energy region where the Hill-Wheeler formula can be
applied. For the barrier penetration with incident energy
much lower than the Coulomb barrier, a new barrier pen-
etration formula proposed by Li et al. [56] can be used.
The empirical barrier weight function f(B) is taken to
be an asymmetric Gaussian form
f(B) =


1
N
exp
[
−
(
B−Bm
∆1
)2]
, B < Bm,
1
N
exp
[
−
(
B−Bm
∆2
)2]
, B > Bm.
(4)
f(B) satisfies the normalization condition
∫
f(B)dB = 1.
Thus the normalization coefficient N =
√
pi(∆1 +∆2)/2.
∆1 and ∆2 denote the left width and the right width of
the empirical barrier weight function. The Bm denotes
the most probable barrier height, i.e., the peak of the
empirical barrier weight function.
In our ECC model [19–21], the barrier distribution is
related to the effects of couplings to low-lying collective
states and positive Q-value neutron transfer (PQNT)
channels. Considering the dynamical deformations due
to the attractive nuclear force and the repulsive Coulomb
force [57, 58], a two-dimensional potential energy surface
(PES) with respect to quadrupole deformation of the sys-
tem and relative distance R can be obtained. To take into
account the effects of the couplings to low-lying collective
states, empirical formulas for calculating the parameters
of the empirical barrier weight function were proposed
based on the PES. Then the effect of the coupling to the
PQNT channels is simulated by broadening the empiri-
cal barrier weight function. In the present model, only
two-neutron transfer channel is considered. When the
Q-value for two-neutron transfer is positive, the widths
of the empirical barrier weight function are calculated
as ∆i → gQ(2n) + ∆i, (i = 1, 2), where Q(2n) is the
Q-value for two-neutron transfer. g is taken as 0.32 for
all reactions with positive Q-value for two-neutron trans-
fer channel. In addition, this ECC model was extended
to describe the complete fusion cross sections for the re-
actions involving weakly bound nuclei at above-barrier
energies [59, 60]. More details for the ECC model can be
found in Refs. [19, 60].
III. RESULTS AND DISCUSSIONS
Note that the parameters of the empirical barrier
weight function are calculated by the empirical formulas
which were proposed in Ref. [19] where the parameters of
the deformed nuclear potential and the Coulomb poten-
tial were also fixed. Therefore, there is no free parameters
in the following calculations.
We first focus on the reaction with stable beam 39K.
The comparison of the calculated capture cross sections
to the experimental values for 39K+181Ta is shown in
Fig. 1. The arrow indicates the peak of the empirical bar-
rier weight function Bm given in Eq. (4). The solid line
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FIG. 1. (Color online) The calculated and experimental cap-
ture cross sections of 39K+181Ta. The dash line denotes the
results from the ECC calculations without the neutron trans-
fer (NT) effect considered. The solid line denotes the results
from the ECC calculations with the NT effect considered. The
arrow indicates the peak of the empirical barrier weight func-
tion Bm given in Eq. (4). The data taken from Ref. [13] are
represented by the solid squares.
denotes the results from the ECC calculations with all the
couplings (to low-lying collective states and PQNT chan-
nels). The three parameters ∆1, ∆2, and Bm of the em-
pirical barrier weight function are 3.56 MeV, 23.46 MeV,
and 146.78 MeV, respectively. One can see that the re-
sults of the ECC model are in good agreement with the
data. The results of this ECC model are much closer to
the data than those calculations shown in Ref. [13]. Note
that, for 39K+181Ta, the Q-value of two-neutron trans-
fer channel is 3.67 MeV, thus part of the enhancement
of sub-barrier capture cross sections comes from the cou-
pling to the PQNT channel. To show this enhancement
clearly, the results from the ECC calculations without
the coupling to the neutron transfer channels considered
are shown in Fig. 1 by the dash line. Thus, the difference
between the solid line and the dash line shows the PQNT
effect on capture cross sections.
For the reaction with neutron-rich radioactive beam
46K, the comparison of the calculated capture cross sec-
tions to the experimental values is shown in Fig. 2. For
46K+181Ta, the Q-value of two-neutron transfer chan-
nel is negative, thus, in this case, the coupling to the
PQNT channels does not affect the capture cross sec-
tions. Therefore, only the couplings to low-lying col-
lective states is responsible for the enhancement of the
sub-barrier capture cross sections. The three parame-
ters, i.e., ∆1, ∆2, and Bm, of the barrier weight func-
tion are 2.38 MeV, 22.20 MeV, and 143.25 MeV, respec-
tively. The results from the ECC calculations are shown
in Fig. 2 by the solid line. It can be seen that the cal-
culated results overestimate the cross sections except the
two lower energies or, in other words, the above-barrier
capture cross sections are suppressed as compared with
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FIG. 2. (Color online) The calculated and experimental cap-
ture cross sections of 39K+181Ta. The solid line denotes the
results from the ECC calculations. The arrow indicates the
peak of the empirical barrier weight function Bm given in
Eq. (4). The data taken from Ref. [13] are represented by the
solid squares.
the ECC calculations. The results from the ECC calcu-
lations are similar to those from the quantum diffusion
approach shown in Ref. [13].
The results from the ECC calculations are very inter-
esting, as the data of the reaction with stable beam 39K
are reproduced quite well while those of the reaction with
neutron-rich radioactive beam 46K are not. Therefore,
it is natural to ask what is the effect of the neutron-
rich radioactive 46K relative to the stable 39K projec-
tile? Actually, in Ref. [13], the capture cross sections
of 39K+181Ta and 46K+181Ta were reduced by the tra-
ditional reduction procedure, i.e., Ec.m. → Ec.m./VB and
σcapture → σcapture/R2B. The parameters VB and RB were
extracted from the plot of the cross sections vs. 1/Ec.m..
It was found that the reduced excitation functions of
these two reaction do not show any significant difference.
In the present work, we adopt another reduction method
proposed in Refs. [61, 62] which can eliminate completely
the geometrical factors and static effects of the potential
between the two nuclei. In this case, the capture cross
section and the collision energy are reduced to a dimen-
sionless fusion function F (x) and a dimensionless variable
x,
F (x) =
2Ec.m.
R2B~ω
σcapture, x =
Ec.m. − VB
~ω
, (5)
where VB, ~ω, and RB denote the height, curvature,
and radius of the barrier which are calculated by the
double folding and parameter-free Sa˜o Paulo potential
(SPP) [63–65]. The barrier parameters calculated by the
SPP are shown in Table I.
The reduced capture excitation functions, i.e., fu-
sion functions F (x), for the reactions 39K+181Ta and
46K+181Ta are shown in Fig. 3 by the solid squares and
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FIG. 3. (Color online) The reduced capture excitation func-
tion F (x) for reactions 39K+181Ta and 46K+181Ta as a func-
tion of x. The dash and dash-dotted lines denote the re-
duced calculated capture cross sections of 39K+181Ta and
46K+181Ta, respectively. The solid line represents the UFF.
The data taken from Ref. [13] are represented by the solid
squares and points.
points, respectively. It can be seen that, at x > 0 re-
gion, i.e., at above-barrier energies, the reduced capture
cross sections of 39K+181Ta are clearly larger than those
of 46K+181Ta. Furthermore, the reduced above-barrier
capture cross sections of 39K+181Ta are close to the UFF
(denoted by the solid line) which are the predictions of
the Wong formula [66] reduced by Eq. (5). While the
above-barrier capture cross sections of 46K+181Ta lie be-
low the UFF. This tells that the above-barrier capture
cross sections of 46K+181Ta are suppressed as compared
with those of 39K+181Ta and the UFF. This result is not
consistent with the conclusion drawn in Ref. [13], which
might result from the different barrier parameters used
in the reduction procedures. The parameters VB and RB
extracted from Ref. [13] are also given in Table I. It can
be found that the extracted parameter RB of
46K+181Ta
(10.16 fm) is obviously smaller than that of 39K+181Ta
(12.82 fm), while from the SPP, the opposite is true, i.e.,
RB = 12.333 fm for
46K+181Ta 12.030 fm for 39K+181Ta.
Actually, the barrier parameters extracted from the ex-
perimental excitation function already include part of the
dynamical effects. For 46K+181Ta, the fact that RB ex-
tracted from the experiment is samll is a manifestation of
the suppression effect on the above-barrier cross sections.
In addition, from Fig. 3 in Ref. [13], it is shown that the
models overestimate the above-barrier cross sections of
46K+181Ta. The results shown in Ref. [13] strongly sup-
port the conclusion that the above-barrier cross sections
of 46K+181Ta are suppressed.
The calculated capture cross sections of 39K+181Ta
and 46K+181Ta are also reduced and shown in Fig. 3
by the dash and dash-dotted lines. It can be seen that,
at sub-barrier energy region, the calculated cross sections
TABLE I. The barrier parameters calculated by the SPP and
extracted from Ref. [13].
SPP Ref. [13]
Reaction VB ~ω RB VB RB
(MeV) (MeV) (fm) (MeV) (fm)
39K+181Ta 155.651 4.328 12.030 152.690 12.82
46K+181Ta 152.141 4.029 12.333 146.484 10.16
are much larger than the UFF due to the coupled-channel
effects. Furthermore, at sub-barrier energies, the reduced
calculated capture cross sections of 39K+181Ta are a lit-
tle larger than those of 46K+181Ta, which is owing to
the coupling to the positive Q-value two-neutron transfer
channel. At energies above the Coulomb barrier, the pre-
dictions from the ECC model of these two reactions are
consistent with the UFF. This means that, above the bar-
rier, the measured capture cross sections of 46K+181Ta
are suppressed as compared with the predictions of the
ECC model and the UFF. Therefore, for producing heavy
and superheavy nuclei using the neutron-rich radioactive
beams, it is necessary and important to consider this sup-
pression. Further experimental and theoretical studies
are expected.
IV. SUMMARY
In summary, the capture cross sections for reactions
39K+181Ta and 46K+181Ta are investigated by using the
empirical coupled-channel (ECC) model and the univer-
sal fusion function (UFF) prescription. For the reaction
39K+181Ta, the results of the ECC model are in good
agreement with the data. While for the reaction with
neutron-rich radioactive beam 46K, the predictions of the
ECC model overestimate the above-barrier capture cross
sections or, in other words, the measured capture cross
sections are suppressed as compared with the ECC cal-
culations. Comparing the reduced data of these two re-
actions, it is found that the data of above-barrier cross
sections of 39K+181Ta are consistent with the UFF and
are larger than those of 46K+181Ta. This implies that
the capture cross sections of 46K+181Ta are suppressed
at energies above the Coulomb barrier. Furthermore, at
sub-barrier energies, the reduced calculated capture cross
sections of 39K+181Ta are a little larger than those of
46K+181Ta, which is owing to the coupling to the posi-
tive Q-value two-neutron transfer channel.
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